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Abstract
In this work it is shown that the general product is equivalent to the cube-product with respect
to the isomorphic representation. Using this equivalence we characterize the homomorphically
complete systems of automata with respect to the cube-product. Furthermore, several earlier
results and new results are concluded as consequences of this equivalence. c© 2000 Elsevier
Science B.V. All rights reserved.
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1. Introduction
In the theory of nite automata it is a central problem to characterize systems from
which any automaton can be represented isomorphically or homomorphically under
a given composition. Such systems are called isomorphically and homomorphically
complete, respectively, with respect to the composition considered. Composition of
automata can be visualised as a network of automata. In such a network, the underlying
graph is a directed graph and each vertex represents an automaton. If the network
receives an external input sign, then each component automaton receives simultaneously
an input sign which may depend on the external input sign and all of the present states
of the ancestor component automata of the one considered.
From the practical point of view such compositions have great importance for which
there are nite complete systems. The rst composition admitting nite isomorphically
complete systems, the general product, was introduced by Glushkov [9], who also
characterized the corresponding complete systems. In this case the underlying graphs
are the complete graphs, and thus, this composition is quite complicated in the sense
that all component automata are connected to each other.
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To simplify the connections, various restricted kinds of compositions have been intro-
duced. Firstly, Gecseg [4] introduced a product hierarchy, the i-products, i=0; 1; : : : ;
and Esik [2] proved that, from the point of view of homomorphic completeness, the
general product is equivalent to the i-product for i>2. Later Esik and Horvath [3]
proved that a stronger statement is also valid, namely that for any i>2, the i-product
is equivalent to the general product with respect to the homomorphic representation.
As regards isomorphic completeness, it turned out that there is no nite isomorphically
complete system with respect to any of the i-products [10]. A systematic account of
the results on i-products can be found in the monograph [6]. Another family of com-
positions, the i-products, i=0; 1; : : : ; was introduced in [1], and it turned out that there
is no nite isomorphically complete system with respect to any of the i-products. A
further composition admitting nite isomorphically complete systems, the cube-product,
was introduced in [12], where it was proved that the general product and the cube-
product are equivalent with respect to the isomorphically complete systems, i.e. a sys-
tem K of automata is isomorphically complete with respect to the general product if
and only if it is isomorphically complete with respect to the cube-product. It remained
an open problem whether this equivalence is valid in general. Here we prove that this
conjecture is valid, i.e., if an automaton can be isomorphically represented by a general
product of automata from a given system, then it can be isomorphically represented by
a cube-product of automata from the same system. This result yields a characterization
of the homomorphically complete systems with respect to the cube-product. Moreover,
it turns out that the cube-product is equivalent to the general product with respect to
the homomorphic representation as well.
The paper is organized as follows. In Section 2 the necessary notions and notations
are introduced. The following part, Section 3 contains our main result and some of its
consequences. Finally, Section 4 is devoted to dierent extensions and it is shown that
several earlier and new results can be obtained as consequences of the extensions of
our main result.
2. Basic concepts and notation
By an automaton we mean a couple A=(X; A), where A and X are nite nonempty
sets, the set of states, the set of input symbols, respectively, and for every x2X ,
x is realized as a unary operation on A which is denoted by xA. Then each word
w= x1 : : : xs 2X+ denes a unary operation as the composition of the unary opera-
tions belonging to the input symbols of w, i.e., wA= xA1 : : : x
A
s . Since we consider
an automaton as a unoid (universal algebra with unary operations), the notions such
as isomorphism, homomorphism, and subautomaton can be introduced in a natural
way.
As usual, if f :A!B is a mapping and H is a subset of A, then the set ff(a): a2Hg
is denoted by f(H).
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Now, let us consider some automata A=(X; A), Aj =(Xj; Aj), j=1; : : : ; n, and a fam-
ily  of mappings
’j :A1   AnX !Xj; j=1; : : : ; n:
It is said that A is the general product of Aj, j=1; : : : ; n, with respect to  if the
following conditions are satised:
(1) A=
Qn
j=1 Aj;
(2) for any (a1; : : : ; an)2A1  An and x2X ,
(a1; : : : ; an)xA=(a1x
A1
1 ; : : : ; anx
An
n );
where xj =’j(a1; : : : ; an; x), j=1; : : : ; n.
For the general product dened above we use the notation
A=
nQ
j=1
Aj(X;):
A system of automata K is isomorphically complete with respect to the general
product if any automaton is isomorphic to a subautomaton of a general product of
automata from K, and it is homomorphically complete with respect to the general
product if any automaton is a homomorphic image of a subautomaton of a general
product of automata from K.
Let n>1 be an arbitrary integer. Let us consider the n-dimensional hypercube. The
set of vertices of this hypercube is Sn= f(s1; : : : ; sn): si 2f0; 1g; i=1; : : : ; ng. Dene
the mapping n on the set Sn as follows: for any vector (s1; : : : ; sn),
n(s1; : : : ; sn)= 1 +
nP
t=1
st  2n−t :
Then n is a one-to-one mapping of Sn onto the set f1; : : : ; 2ng.
Let us form the graph Dn=(f1; : : : ; 2ng; En), where for any 16i; j62n, (i; j)2En
if and only if −1n (i) is adjacent to 
−1
n (j). For every j2f1; : : : ; 2ng, let us denote by
J (n)j the set of all neighbours of j in Dn. Then J
(n)
j f1; : : : ; 2ng, furhermore, it is easy
to see that
(1) jJ (n)j j= n, for every j, j=1; : : : ; 2n.
Now, let Aj =(Xj; Aj), j=1; : : : ; 2n, be a system of automata, and X a nite nonempty
set. A general product
Q2n
j=1 Aj(X;) is called a cube-product if for every j2f1; : : : ;
2ng, (a1; : : : ; a2n)2A, and x2X , the mapping ’j is independent of all ar with r =2 J (n)j .
For the introduced product we use the notation
Q2n
j=1 Aj(X;).
A system K of automata is isomorphically complete with respect to the cube-
product if any automaton is isomorphic to a subautomaton of a cube-product of
automata from K. K is homomorphically complete with respect to the cube-product
if any automaton is a homomorphic image of a subautomaton of a cube-product of
automata from K.
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3. The equivalence theorem
Let  and  denote two compositions. It is said that the two compositions under
consideration are equivalent with respect to the isomorphic representation if the fol-
lowing assertion is valid. For any system K of automata, an automaton is isomorphic
to a subautomaton of an -product of automata from K if and only if it is isomorphic
to a subautomaton of a -product of automata from K. One can dene the equivalence
of two compositions with respect to the homomorphic representation in a similar way.
Now let K be an arbitrary system of automata. Since the cube-product is a special
case of the general product, if an automaton A can be embedded isomorphically into
a cube-product of automata from K, then A can be embedded isomorphically into
a general product of automata from K. The following theorem shows that the converse
statement is valid as well.
Theorem 1. If an automaton A can be embedded isomorphically into a general prod-
uct of automata from K; then A can be embedded isomorphically into a cube-product
of automata from K.
Proof Let us suppose that the automaton A=(X; A) can be embedded isomorphically
into a general product B=
Qn
j=1 Aj(X; ’) of automata where Aj 2K, j=1; : : : ; n. Let
k be the smallest positive integer for which n62k . If n<2k , then the general product
considered can be completed by n − 2k components from K in such a way that A
can be embedded isomorphically into this new general product of 2k components.
For example, one can choose n − 2k copies of any component automaton Aj of B.
Consequently, without loss of generality, we may assume that n=2k for some positive
integer k.
Let A= fa1; : : : ; amg, furthermore, let  denote an isomorphism of A into B and
let us denote (at) by (at1; : : : ; atn), for all t, t=1; : : : ; m. The elements (at1; : : : ; atn),
t=1; : : : ; m, are pairwise dierent. For the sake of simplicity, let us suppose that the
copies of any automaton in the general product B are distinguished. (For example, we
can rename the states.) Then the sets fat1; : : : ; atng, t=1; : : : ; m, are pairwise dierent.
This yields that there exist functions
’0j :P

nS
r=1
Ar

X !Xj; j=1; : : : ; n;
where P(
Sn
r=1 Ar) denotes the power set of
Sn
r=1 Ar , such that, for every subset fd1; : : : ;
dng
Sn
r=1 Ar satisfying the equalities
fd1; : : : ; dng\Ar = fatrg; r=1; : : : ; n;
for some t 2f1; : : : ; mg, and for every x2X ,
’0j (fd1; : : : ; dng; x)=’j(at1; : : : ; atn; x)
is valid.
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Now, we construct an n-dimensional cube-product of automata from the system
fA1; : : : ;Ang. For this, let us take all the k-dimensional column vectors with components
0, 1, and order them in lexicographically increasing order. Let Q denote the matrix
formed by these column vectors. Then Q is a matrix of type k  n over the eld Z2
and its column vectors are pairwise dierent, furthermore, for the lth column vector
(q1l; : : : ; qkl)T of Q, l= k(q1l; : : : ; qkl).
For the construction, we dene a function  : f1; : : : ; 2ng!f1; : : : ; ng which has the
following meaning. For each j2f1; : : : ; 2ng, (j) gives the index of that automaton
from fA1; : : : ;Ang which is placed in the vertex −1n (j) of the hypercube. Namely, for
every j2f1; : : : ; 2ng, let
(j)= k((Q−1n (j)
T)T):
Since −1n (j) is a vertex of the n-dimensional hypercube, it is an n-dimensional row
vector over the eld Z2. On the other hand, Q is a matrix of type k  n over Z2.
Therefore, Q−1n (j)
T is a k-dimensional column vector over Z2 if we perform the
operations over Z2. Consequently, Q−1n (j)
T appears as a column vector of Q, since
Q contains all the k-dimensional column vectors over Z2. Moreover, k assigns to the
transpose of a column vector its index. Therefore,  is a mapping of f1; : : : ; 2ng into
f1; : : : ; ng.
Now let j2f1; : : : ; 2ng be arbitrary. We prove that (J (n)j )= f1; : : : ; ng. For this pur-
pose, let −1n (j)= v=(s1; : : : ; sn). Then the neighbours of v can be written in the
form v + el, l=1; : : : ; n, where el denotes the lth n-dimensional row unit vector
over Z2, and the addition is performed over Z2. Consequently, (J
(n)
j )= fk((Q(v +
el)T)T): l=1; : : : ; ng. Thus, for the required equality, it is enough to show that the
elements k((Q(v+el)T)T), l=1; : : : ; n, are pairwise dierent. Since k is a one-to-one
mapping of the column vectors of Q onto the set f1; : : : ; ng, we have to show that
Q(v+ el)T 6=Q(v+ es)T, if 16l 6= s6n. Indeed, if Q(v+ el)T =Q(v+ es)T, for some
integers 16l 6= s6n, then QvT+QeTl =QvT+QeTs , and hence, QeTl =QeTs . But this is
impossible since QeTl is always the lth column vector of Q, Consequently, the elements
k((Q(v + el)T)T), l=1; : : : ; n, are pairwise dierent, and hence, (J
(n)
j )= f1; : : : ; ng.
Let us dene the mapping  of A= fa1; : : : ; amg into
Q2n
j=1 A( j) as follows. For every
as 2A, let
(as)= (as; (1); : : : ; as; (2n)):
Furthermore, let (A)= S. We are now ready to construct the required cube-product
C=
2nQ
j=1
A( j)(X;  );
so that for any j2f1; : : : ; 2ng, (as; (1); : : : ; as; (2n))2 S, and x2X , let
 j(as;(1); : : : ; as; (2n); x)=’0( j)(fas; (i1); : : : ; as; (in)g; x);
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where fi1; : : : ; ing= J (n)j . In all other cases, let us dene the functions  j, j=1; : : : ; 2n,
in accordance with the denition of the cube-product, i.e. in such a way that  j may
depend only on x and the present states of the automata placed in the neighbour vertices
of j. Obviously, C is a cube-product.
Now, we show that S determines a subautomaton in the cube-product C, and  is an
isomorphism of A onto this subautomaton. It suces to show that (asxA)= (as)xC
holds, for all as 2A and x2X . Let asxA= at . Then the required equality is valid if
at; ( j) = as; ( j)x
A( j)
( j) holds, for all j2f1; : : : ; 2ng. Since  is also an isomorphism, we
have that (at)= (asxA)= (as)xB, and thus, atr = asr xArr with xr =’r(as1; : : : ; asn; x),
r=1; : : : ; n. Now let (j)= r for some r 2f1; : : : ; ng. Then by the denition of C,
x( j) =  j(as; (1); : : : ; as; (2n); x)=’0r(fas; (i1); : : : ; as; (in)g; x):
On the other hand, from (J (n)j )= f1; : : : ; ng the next equality follows:
fas; (i1); : : : ; as; (in)g= fas1; : : : ; asng
and thus,
’0r(fas; (i1); : : : ; as; (in)g; x)=’r(as1; : : : ; asn; x):
Consequently, xr = x( j) which implies at; ( j) = as; ( j)x
A( j)
( j) .
This ends the proof of Theorem 1.
It is worth noting that the key fact on the proof of Theorem 1 that the vertices
of the n-dimensional cube can be labelled with the n automata in such a way that
the automaton labelling any vertex is adjacent to a copy of every automaton among
A1; : : : ;An.
Theorem 1 and the fact that the cube-product is a special case of the general product
imply the following statement.
Theorem 2. The general product is equivalent to the cube-product with respect to the
isomorphic representation; i.e.; for an arbitrary systemK of automata; an automaton
A can be embedded isomorphically into a general product of automata fromK if and
only if A can be embedded isomorphically into a cube-product of automata from K.
We note that when a general product is replaced by a cube-product using the con-
struction of the proof of Theorem 1, then the number of the component automata
increases exponentially. This is inevitable in general. One can give such a general
power of a two-state automaton with n component which can be embedded isomor-
phically into an n-dimensional cube-product of the copies of this two-state automaton,
but it cannot be embedded isomorphically into any m-dimensional cube-product of the
copies of the automaton considered if m<n.
Theorem 2 implies immediately that any system isomorphically complete with respect
to the general product is also isomorphically complete with respect to the cube-product,
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and conversely. Consequently, the characterization of systems isomorphically complete
with respect to the general product given in [9] yields the following result of [12]
concerning the cube-product.
Corollary 1 (Imreh [12]). A system K of automata is isomorphically complete with
respect to the cube-product if and only if K contains an automaton A=(X; A) which
has two dierent states a; b and four input symbols x1; x2; x3; x4 (not necessarily all
dierent) such that axA1 = a; ax
A
2 = b; bx
A
3 = b; and bx
A
4 = a.
Regarding the homomorphic representation, let us observe that for every system K
of automata, if A is a homomorphic image of a subautomaton of a general product of
automata from K, then, by Theorem 1, A is a homomorphic image of a subautoma-
ton of a suitable cube-product of automata from K. The converse statement follows
from the fact that the cube-product is a special case of the general product. These
observations lead to the following assertion.
Theorem 3. The general product is equivalent to the cube-product with respect to the
homomorphic representation.
The following observation follows from Theorem 3. Any system homomorphically
complete with respect to the general product is also homomorphically complete with
respect to cube-product, and conversely. Hence, the characterization given by
Letichevsky in [14] yields the following result concerning cube-product.
Corollary 2. A system K of automata is homomorphically complete with respect to
the cube-product if and only if it contains an automaton A which has a state a2A;
input signs x; y2X; and input words p; q2X  such that axA 6= ayA and a(xp)A=
a(yq)A= a.
4. Extensions
In this section, such dierent extensions of automata are considered as tree automata,
nondeterministic automata, and nondeterministic tree automata. For each of them, one
can dene the general product and the cube-product and both the isomorphically and
homomorphically complete systems with respect to these compositions. An appropri-
ate form of Theorem 1 is valid in every case, and using these statements some ear-
lier results can be concluded as consequences and moreover, some new result can be
obtained, too.
If we instead of just unary operations allow m-ary operations for any nonnegative in-
teger m, our automata become nite universal algebras which in the theory of automata
are regarded as bottom-up tree automata or simply tree automata. General products of
tree automata were introduced by Steinby [15], who characterized the isomorphically
complete systems of tree automata with respect to the general product. For these notions
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and notation, we refer to [5, 15]. The extension of the cube-product to tree automata
is presented in [11] where it is proved that the cube-product is equivalent to the gen-
eral product regarding the isomorphically complete systems of tree automata. Here we
show that the cube-product of tree automata is equivalent to the general product of
tree automata regarding both the isomorphic and homomorphic representation. These
observations are based on the following theorem which can be proved in a similar way
as Theorem 1.
Let R be a xed rank-type and let us denote by UR the class of all tree automata
with rank-type R.
Theorem 4. Let K be an arbitrary system of tree automata from UR. If a tree
automaton A2UR can be embedded isomorphically into a general product of tree
automata from K; then A can be embedded isomorphically into a cube-product of
tree automata from K.
By Theorem 4 we can conclude the following statements in the same way as in the
case of the traditional automata.
Theorem 5. The general product of tree automata is equivalent to the cube-product
of tree automata with respect to the isomorphic representation.
Corollary 3 (Imreh [11]). A system K of tree automata from UR is isomorphically
complete with respect to the general product if and only if it is isomorphically com-
plete with respect to the cube-product.
Theorem 6. The general product of tree automata is equivalent to the cube-product
of tree automata with respect to the homomorphic representation.
Corollary 4. A system K of tree automata from UR is homomorphically complete
with respect to the general product if and only if it is homomorphically complete
with respect to the cube-product.
Automata become nondeterministic automata if input symbols are realized as binary
relations. General products and cube-products of nondeterministic automata were de-
ned in [7], where the isomorphically complete systems of nondeterministic automata
with respect to the general product are characterized. Later, in [8], the cube-product
of nondeterministic automata is introduced and it is proved that the general product
is equivalent to the cube-product regarding the isomorphically complete systems of
nondeterministic automata.
For presenting one of the results below, we introduce the following notation. If a is
a state and x is a relational symbol, then we denote by axA the set f a: a2A& axA ag.
For details, we refer to [7, 8].
Using the idea of the proof of Theorem 1, one can show the validity of the following
statement.
B. Imreh / Theoretical Computer Science 245 (2000) 103{113 111
Theorem 7. Let K be an arbitrary system of nondeterministic automata. If a non-
deterministic automaton A can be embedded isomorphically into a general product
of nondeterministic automata from K; then A can be embedded isomorphically into
a cube-product of automata from K.
On the basis of Theorem 7, one can conclude the statement below in a similar way
as in the case of automata.
Theorem 8. The general product of nondeterministic automata is equivalent to the
cube-product of nondeterministic automata with respect to the isomorphic represen-
tation.
By Theorem 8 and the characterization of the isomorphically complete systems of
nondeterministic automata with respect to the general product (see [7]), we get im-
mediately the following characterization of the isomorphically complete systems of
nondeterministic automata with respect to the cube-product which is the main result
of [8].
Corollary 5 (Gecseg and Imreh [8]). A system K of nondeterministic automata is
isomorphically complete with respect to the cube-product if and only if K contains
(not necessarily distinct) nondeterministic automata A=(X; A); A=( X ; A ) for which
there exist a 6= b2A; x1; x2; x3 2X and a 6= b2 A ; x1; x2; x3 2 X such that
fa; bg axA1 ; fa; bg bxA2 ; fa; bg\ axA3 = fbg
and
f a; bg a x A1 ; f a; bg b x A2 ; f a; bg\ a x A3 = f ag:
Regarding the homomorphic representation, the following new results can be obtained
by Theorem 7.
Theorem 9. The general product of nondeterministic automata is equivalent to the
cube-product of nondeterministic automata with respect to the homomorphic repre-
sentation.
Corollary 6. A systemK of nondeterministic automata is homomorphically complete
with respect to the general product if and only if it is homomorphically complete with
respect to the cube-product.
Nondeterministic tree automata can be dened as nite relational systems in which
m-ary relations of arbitrary positive arities m are possible. In [13] the isomorphically
complete systems of nondeterministic tree automata with respect to the general product
and the cube-product are characterized, and it is shown that the general product is
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equivalent to the cube-product with respect to the isomorphically complete systems of
nondeterministic tree automata. We refer to [13] for the notions and notation.
Applying the same idea as in the proof of Theorem 1, the following statement can
be proved.
Let R be a xed rank-type and let us denote by WR the class of all nondeterministic
tree automata with rank-type R.
Theorem 10. Let K be an arbitrary system of nondeterministic tree automata from
WR. If a nondeterministic tree automaton A2WR can be embedded isomorphically
into a general product of nondeterministic tree automata from K; then A can be em-
bedded isomorphically into a suitable cube-product of nondeterministic tree automata
from K.
From Theorem 10 we can get the following statements.
Theorem 11. The general product of nondeterministic tree automata is equivalent to
the cube-product of nondeterministic tree automata with respect to the isomorphic
representation.
Corollary 7 (Imreh [13]). A system K of nondeterministic tree automata from WR
is isomorphically complete with respect to the general product if and only if it is
isomorphically complete with respect to the cube-product.
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